We present an efficient numerical code based on spectral methods to integrate the field equations of general 
I. INTRODUCTION
The use of numerical techniques to solve Einstein's field equations is a very promising strategy for dealing with problems of astrophysical interest such as gravitational collapse and formation of black holes, coalescence of binary systems, the collision of black holes, etc.
One could say that numerical relativity is the bridge between relativity and astrophysics. A common feature in all these processes is the emission of gravitational waves -one of the most notable predictions of General Relativity. Undoubtedly, detailed knowledge of how much system mass is converted into gravitational waves and the forms of the resulting gravitational waves are of funda- The Robinson-Trautman metric can be expressed as [3] ds 2 = λ − 2m 0 r − 2rṖ P du 2 + 2dudr
where u is a null coordinate such that u = constant de-notes null hypersurfaces generated by the rays of the gravitational field, and that foliates the spacetime globally; r is an affine parameter defined along the null geodesics determined by the vector ∂/∂r and m 0 is a constant. The angular coordinates (θ, φ) span the spacelike surfaces u = constant, r = constant commonly known as the 2-surfaces. In the above expression an overdot indicates a derivative with respect to u, the functions λ, identified as the Gaussian curvature of the 2-surfaces, and P depend on the coordinates u, θ, φ. In the particular case of axial symmetry the metric functions do not depend on φ. Two important aspects of Robinson-Trautman spacetimes are worth mentioning: they are asymptotically flat and admit the presence of gravitational waves.
Einstein's equations for the Robinson-Trautman (RT) spacetimes reduce to
where the subscripts θ, φ denote derivatives with respect to the angles θ and φ, respectively. The structure of the field equations is typical of the characteristic evolution behavior of the vacuum RT equation was given by Chrusciel and Singleton [4] , and independently by Frittelli and Moreschi [5] . They proved that, for sufficiently smooth initial data, the spacetime exists globally for positive retarded times, and converges asymptotically to the Schwarzschild metric.
The combination of gravitational waves and the asymptotic convergence to the Schwarzschild solution allows RT spacetimes to be used to study the emission of gravitational waves in connection with the formation of a single black hole. The first work in this direction was due to Foster and Newman [6] who interpreted the linearized solution of the field equations as representing the emission of gravitational radiation by a bounded source. RT spacetimes have also been used as test beds for numerical codes in the characteristic formulation of axisymmetric spacetimes [7] . The full evolution of the field equations (2) and (3) constitutes a valid and valuable framework for a detailed analysis of the wave forms and the efficiency of the gravitational wave extraction connected with the formation of black holes. Furthermore, a scenario in which the resulting black hole is moving with respect to an inertial observer due to, for example, the collision of two black holes, can be treated using the dynamics of RT spacetimes. Some of these aspects were addressed in Refs [8] [9] [10] [11] [12] [13] [14] in the context of axial symmetry after the development of a numerical code for integrating the field equations [15] .
The paper is organized as follows. In Section 2 we present the details of our numerical scheme. In Section 3
we introduce the initial data employed for the code tests.
Tests confirm the excellent accuracy and convergence of the numerical code. Section 4 is devoted to applying the code to situations of physical interest, with the gravitational wave forms and the efficiency of the gravitational wave extraction being evaluated after evolving the spacetime. In addition, by analyzing the conservation of the four-momentum, we were able to determine analytically a lower limit of the velocity of the black hole formed as well as an upper bound for the efficiency of the gravitational wave extraction. As a final and brief application, we consider initial data describing the collision of two Schwarzchild black holes in three situations: orthogonal, oblique and head-on collisions. Finally, in Section 5 we present a summary of our results and conclusions.
II. THE NUMERICAL METHOD
According to the Galerkin method with numerical integration (G-NI) [16] , the metric functions P(u, θ, φ) and λ(u, θ, φ) are approximated by a series expansions given by,
where modes. Although the number of independent modes increases considerably with the truncation order, the use of spherical harmonics provides exponential convergence for smooth functions on the sphere, and also fixes the so called pole problem [17] .
The substitution of the approximations Eqs. (4) and (5) into the field equations (2) and (3) results in the residuals associated to these equations,
The modes (a k j , b k j ) are determined such that the residual vanish in the mean [18] . This means that the inner products (projections) of the residuals with respect to the test functions are made equal to zero. For the G-NI method the test and basis functions are the same, then
where Res(u, θ, φ) stands for Res λ (u, θ, φ) or
Res P (u, θ, φ), with m varying from 0 to N, and
As dictated by the G-NI method, these integrals were evaluated using quadrature formulas which provide fast and accurate results, since these formulas usually converge exponentially [17, 19] . We introduce the variable x ≡ cos θ and define the quadrature collocation points
where P N (x) is the Legendre polynomial of order N, and we have set M = 2N and N = 3N/2 that leads to a more accurate integration. The integration with respect to φ the trapezoidal rule was used that is the indicated quadrature rule for periodic functions [17] , while the LegendreGauss-Lobatto quadrature formula was used for the integration with respect to x. These integrals can be written schematically as
where w k , v j are the weights [19] .
In order to allow the use of high truncation orders, the projections of the residual equations (6) and (7) are expressed as,
where P = P N and the indices lm indicate that the expression is evaluated at the collocation points x = x l , φ = φ m .
These values are related to the modes a k j but stored in separated files. Also,λ lm represent the values of
points. Therefore, the field equations (2) and (3) are reduced, respectively, to a set of algebraic equations connecting the modes b jk , a lm , and a set of ordinary differential equations for the modes a lm . The evolution scheme proceeds as follows: (i) from the initial data
from Eq. (4); (ii) the values of P, P ,θ and P ,φ / sin θ at the collocation points are evaluated; (iii) the initial modes b jk (u 0 ) are determined from the set of equations (11);
(iv) the values ofλ at the collocation points are evaluated; (v) the ordinary differential equations (12) fixȧ jk at u = u 0 , and the modes a jk can be determined at the next null surface u 0 + δu. By repeating the whole process the evolution of the modes is determined, and consequently the evolution of the functions P(u, x, φ) and λ(u, x, φ).
III. CODE TESTS
The integration of the dynamical system (12) re-
by the initial data P 0 (x, φ) = P(u 0 , x, φ). We have determined physically relevant initial data for the axisymmetric case representing the exterior gravitational field of homogeneous and non-homogeneous spheroids [12] , the perturbed boosted black hole by a gravitational wave packet [11] and also the collision of two Schwarzschild black holes [10] . We consider here the generalization of these initial data to the non-axisymmetric case, but details of the derivation will be omitted since they are straightforward.
We start with simple initial data which have no direct physical motivation,
where 0 < e < 1 plays the role of the eccentricity of the above spheroid-type function. The second set of initial data represents the exterior gravitational field of a perturbed oblate spheroid [12] ,
where the first two terms on the right describe a homogeneous oblate spheroid in which B 0 is an arbitrary parameter, α = arctan(1/ζ), β = (1 + 3ζ 2 ) arctan(1/ζ), with ζ being a free parameter associated with the oblateness of the spheroid [12] . The function f (x, φ) can be interpreted as describing a perturbation inside the matter distribution of the spheroid. The third set of initial data is expressed
where P 0 and γ are arbitrary parameters, and g(x, φ) is a regular function. This function generalizes the initial data of Ref. [11] that describes a boosted black hole with respect to an asymptotic observer which is perturbed by a non-spherical mass distribution. The boosted black hole in the z−direction is characterized by the exact stationary solution [20] of the field equations (2) and (3),
in which λ = P 2 0 . The black hole is moving with velocity v = tanh γ with respect to an asymptotic observer [20] . a moving black hole due to an external perturbation and also the head-on collision of two black holes with the same velocity [10] .
Due to the lack of exact non-stationary solutions of the field equations, the best way of testing the accuracy and convergence of the code is to verify if the conserved quantity [21] 
is maintained constant by the numerical solution within an acceptable error, and if the error diminishes when the truncation order N increases. Since the initial data P 0 (x, φ) determine the exact value, I = I exact , a useful measure of the numerical error with respect to the exact
where I numer is the numerical value of I.
In our numerical experiments we have determined the maximum deviations after evolving each family of initial data for several values of N as indicated in Fig. 1 .
In the first family of initial data (13) Another code test is to evaluate the L 2 norm associated with the residual evolution equation (7) given by,
We have followed the evolution of L 2 for each set of ini- (19)) with respect to the truncation orders N for the initial data (13), (14) and (15) (from top to bottom). Again, spectral convergence is obtained.
The third code test is to reproduce correctly the Schwarzschild solution as the asymptotic configuration of RT spacetimes. In the axisymmetric case the asymptotic configuration can be either a black hole at rest or moving with constant velocity along the symmetry axis with respect to an inertial observer. The boost is a consequence of the total energy-momentum conservation when the flux associated with the gravitational waves is nonzero. The net momentum of the gravitational waves is transferred to the source producing a boosted black hole along the symmetry axis. In the general case we expect that the resulting black hole will be moving in an arbitrary direction.
The structure of the initial data plays a crucial role in determining whether or not the black hole acquires momentum. Let us evolve the field equations taking the first set of initial data (Eq. (13)) with several values of the parameter e. In all cases the a 00 mode tends to a constant value while all other modes approach zero. The final configuration is P final = a 00 = constant, which is identified as the Schwarzschild solution with mass-energy [8, 21, 22 ]
In fact, the absence of any boost (γ = 0) is a consequence of the symmetric pattern of gravitational wave radiation produced by the initial configuration (see Fig. 3 ).
We turn now to the less symmetric second and third sets of initial data. After several numerical experiments we have obtained the following asymptotic expression for the metric function P,
where α j , j = 0, 1, .., 3 are determined numerically. This expression generalizes the stationary solution (16), representing a boosted black hole in an arbitrary direction with respect to an asymptotic observer as shown by Cornish [23] . The parameters α j are not independent but satisfy the constraint α 2 0 − ∑ 3 j=1 α 2 j = P 2 0 = constant imposed by Eq. (2). This allows the following alternative choice for these parameters: α 0 = P 0 cosh γ, α 1 = P 0 a sinh γ, α 2 = P 0 b sinh γ, α 3 = P 0 c sinh γ, which yields (22) and the relation,
that must be satisfied by the numerical solution asymptotically. Notice that b = c = 0 implies a = ±1 recovering the axially boosted black hole (16) , where the signs ± indicate opposing directions of movement along the zaxis. In the general case, the black hole is moving with respect to an inertial observer in an arbitrary direction determined by a, b, c, which can be identified as the direction cosines [13] . In this case the total mass-energy of the black hole is given by,
where m rest = m 0 P The results are shown in Table I with the deviation of (a 2 + b 2 + c 2 ) numer from the exact value versus the truncation order N. Accordingly, for the smallest truncation order, N = 6, the deviation is about one part in 10 −5 confirming the excellent accuracy of the code.
IV. WAVE FORMS AND EFFICIENCY OF GRAVITATIONAL WAVE EXTRACTION.

NON-FRONTAL COLLISION OF TWO BLACK HOLES
One of the most important aspects of RT spacetimes is the presence of gravitational waves [3] . As discussed in Refs. [8, 10, 11] , the characterization of gravitational waves in RT spacetimes is based on the Peeling theorem [24] , for which the Weyl tensor is expressed as C ABCD ∼ N ABCD /r at large r characterizing the wave zone. The relevant components of the Weyl tensor with respect to a semi-null tetrad basis [8] are
where
This function gives the time and angular dependence of the gravitational wave amplitude within the wave zone.
The structure and evolution of the angular pattern of gravitational waves is directly connected to the initial data. In the next numerical experiments we show the evolution of these patterns for different initial data by displaying a sequence of three dimensional polar plots of D(u, θ, φ). In Fig. 3 the first and second sequences correspond to the initial data (13) and (15), respectively, where The efficiency of gravitational wave emission measures the amount of mass-energy extracted during the evolution of RT spacetime with the eventual formation of a black hole. It is expressed as
where E I is the mass-energy of the initial system, E BH = m rest cosh γ f is the energy of the remnant black hole and γ f is the final boost parameter. We can obtain analytical information about the efficiency of any process described by general Robinson-Trautmann spacetimes by analyzing the conservation of global four-momentum. Following Eardley [25] we have,
where E GW and p GW are the amount of energy and momentum carried by gravitational waves; p I and p BH are the initial and black hole momentum magnitudes. These quantities are evaluated from the components of the fourmomentum P α associated with RT spacetimes [13, 26] ,
where m rest sinh γ f ; also E GW > p GW as a consequence of the radiated four-momentum being future pointing and timelike. This inequality is conveniently re-expressed using Eqs. (27) and (28) as,
since to E I ≥ p I . Now, from the initial data P(u 0 , x, φ) E I , p I can be evaluated via Eq. (29); also m rest is determined from the conserved quantity I 1 . As a conse-1 By calculating the conserved quantity I from Eq. (17) with P given by Eq. (22) we found I = P −2 0 . However, since I has its value fixed by the initial data, it follows that P 0 = I 
From the lower bound of the final velocity it is possible to estimate the upper bound of the efficiency for any initial data,
As a brief application of these estimates, we study the efficiency of the non-frontal collision of two
Schwarzschild black holes initially with the same speed v = tanh γ described by the following initial data,
where − is a free parameter that defines the ratio η between the initial rest masses of the two black holes,
In Table II for each case. 
V. DISCUSSION
In this paper we have studied numerically the dynamics of general Robinson-Trautman geometries. We have constructed an efficient and accurate numerical code based on the Galerkin method that generalizes the code we have implemented for the axisymmetric case [15] .
tral expansions of the metric functions P(u, θ, φ) and λ(u, θ, φ) (cf. Eqs. (4) and (5) for the head-on collision presented in Ref. [10] . The numerical integration of the field equations (2) and (3) provides a useful theoretical probe for studying the consequences of the non-frontal collision of two black holes [26] . In our preliminary analysis we have confirmed that a head-on collision is the most efficient source for extracting gravitational radiation, although obviously being a rarer astrophysical event than a non-frontal collision. The evolution of the apparent horizon would also be worth investigating.
